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We have studied the random movement of hexagons on a triangular lattice where the only mechanisms 
hindering diffusion are (i) the hard-core repulsion between hexagons which block pathways and (ii) attractive 
interactions between pairs of hexagons which can give rise to hexagon aggregation. This is an extension of 
earlier work (Pink, D.A. (1985) Biochim. Biophys. Acta 818, 200-204) which studied how diffusion of 
hexagons on a lattice was affected only by (i). This system is a simple model of the movement of integral 
proteins, in the plane of a lipid bilayer, under the influence of random forces. In contrast to the case where 
(ii) was absent, we find that there are two kinds of behaviour determined by a critical attractive interaction 
energy, Kv*(C ) less than 0 which depends upon the hexagon concentration, c, (i.e. upon lipid:protein ratio). 
For attractive interaction energies, Kv, lying between 0 and K * ( c ) ,  the diffusion coefficient D is essentially 
constant, whereas if K v is less than Kv*(C) then D decreases by orders of magnitude as K v decreases. In the 
region where D changes rapidly with Kv, long-lived dynamical clusters, which is the form that the 
aggregation takes, appear. We conclude that, in contrast to hard-core repulsions between hexagons which 
can decrease D by up to about one order of magnitude depending upon the hexagon concentration, the 
attractive, cluster-inducing, interaction can decrease D by many orders of magnitude. We have related our 
results to measurements of the lateral diffusion of bacteriorhodopsin in DMPC bilayers at 30 ° C and predict 
that dynamical protein clusters or aggregates with lifetimes ranging from 1 to 10 ms should become apparent 
when the lipid:protein ratio falls below 100. As the ratio becomes smaller, the lifetimes of the clusters 
should increase. 

Introduction 

Recently there was some discussion on the ex- 
tent to which proteins might block the movement 
of other proteins simply due to their presence 
providing a hard-core barrier [1-3]. A decrease in 
the diffusion coefficient would be expected as the 
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concentration of proteins increased (i.e. as the 
l ipid:protein ratio decreased) due simply to the 
blocking of diffusion pathways of a given protein, 
by all the other proteins. A model calculation was 
performed [3] in order to see how large this effect 
might be. The model represented the plane of the 
bilayer membrane as a two-dimensional lattice in 
the plane of which hexagons, representing the 
cross-sections of bilayer-spanning integral pro- 
teins, were free to move, with the requirement that 
no two hexagons would overlap. Because of the 
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simplicity of the model, it was argued that the 
effect being considered might be overestimated 
compared to the behaviour of real proteins in a 
membrane.  It  was found that with about 50% of 
the plane surface covered by hexagons, the aver- 
age value of a parameter,  D, identified as a lateral 
diffusion coefficient, possessed a value about five 
times smaller than the value of D appropriate to a 
single unhindered hexagon. Even with 81.7% of 
the surface covered by hexagons, the average value 
of D was smaller than that for a single hexagon 
by a factor of about 20. Notwithstanding the great 
simplicity of the model, this result was taken to 
indicate that the blocking of diffusion pathways 
by proteins, which interact amongst themselves 
only by a hard-core repulsive interaction, could 
not account for the small values of diffusion coef- 
ficients measured in biological membranes.  It was 
subsequently pointed out (Cherry, R., personal 
communication) that many integral proteins dis- 
play aggregation, at sufficiently high protein con- 
centration, in what appears to be a liquid-crystal 
fluid phase of the lipid bilayer. The question was 
raised concerning what effect might a mechanism, 
which gives rise to such aggregation, have upon 
the lateral diffusion coefficient of proteins (R. 
Cherry, personal communication). Here, we would 
like to extend the model described above in order 
to study what effect aggregation might have upon 
the parameter  D. We shall do so by introducing an 
attractive interaction between the hexagons. Al- 
though it is unnecessary for us to assume a par- 
ticular source of the interaction, one possible 
mechanism is that arising from the presence of 
electric charges on the protein. We shall therefore 
compare the interactions used here to the strength 
of a coulomb interaction between charges near the 
surface of proteins but we repeat that this may not 
be the mechanism giving rise to the attractive 
interaction which we use. 

We have warned [3] about the limitations of 
this kind of model for studying the lateral motion 
of proteins. In the next section we shall briefly 
reiterate some of them and add further comments  
for and against the model and the simulation 
method. 

We stress that this model should not be over-in- 
terpreted. The previous simulation [3] was in- 
tended to study solely the effect of the blocking o f  

an object's diffusion pathways by the presence of 
other hard (moving) objects. Here we shall modify 
that model in one way only in order to study the 
changes that occur if the objects can stick to each 
other and aggregate, even though for a short time. 

Theory 

The model which we shall use has been de- 
scribed before [3]. It consists of a triangular lattice 
of lattice constant b containing N s sites together 
with hexagons distributed on the lattice so that (a) 
each hexagon centre, together with its six vertices, 
occupy lattice sites, and (b) different hexagons 
may not occupy the same lattice site. A hexagon 
occupies n n = 1 + M ( M -  6 ) / 1 2  lattice sites, 
where M is the number of sites adjacent to an 
isolated hexagon. In the model studied here we 
introduce an attractive interaction between any 
two vertices of two different hexagons when the 
vertices occupy sites which are nearest neighbours 
on the lattice. This is shown in Fig. 1 where the 
non-zero interactions are indicated by lines drawn 
between vertices. The strength of each such inter- 
action is denoted by E v. This is a crude model of a 
lipid bilayer membrane which contains bilayer- 
spanning integral proteins (hexagons) moving in 
the ' sea '  of lipid molecules (unoccupied sites). The 
proteins are represented as undergoing Brownian 
motion due to random forces acting on them [3]. 

In order to model these random forces, the 
simulation proceeds as follows: A hexagon is 

Fig. 1. Some hexagons with M = 24 on a triangular lattice. 
Solid bonds indicate interactions with energy Ev ~ kaTKv. 
The arrow at the centre of the hexagon shows in which 
direction the hard-core repulsive interaction permits it to move. 



selected randomly and an at tempt is made to 
move it by one lattice constant in a randomly 
chosen direction. If  the move can be carried out 
without overlapping another hexagon then the fol- 
lowing procedure is followed (Refs. 4, 5; for a 
simple description of the method used here, see, 
e.g., Ref. 6). Let the total energy of the distribu- 
tion of hexagons be E 1 before the move is carried 
out, and let that of the new distribution, after the 
move is carried out, be E 2. Then if E 2 _< E1 the 
move is carried out. If  E 2 > E~ then define A E = 
E 2 - E  1 and select a random number  R lying 
between 0 and 1. If R < exp ( - f l A  E),  where fl = 
1/kBT with T being the absolute temperature the 
move is carried out. Otherwise, the move is not 
carried out and another hexagon is randomly 
selected. The procedure continues until each 
hexagon is selected once and only once. This 
constitutes one Monte Carlo step. This procedure 
ensures that the system approaches thermal equi- 
librium at a temperature T and remains in thermal 
equilibrium thereafter. 

It is clear that the relevant parameter  is not E v, 
but K v = Ev/kBT. Thus, we shall report results 
simply for certain values of K v. It is clear also that 
we are not considering any phase transitions 
brought about by changes in the states of the lipid 
molecules. This means that we are concerned with 
protein distribution and movement  in a lipid bi- 
layer membrane sufficiently far above the main 
lipid transition temperature so that all the lipids 
are in a disordered state. 

The simulations were performed for hexagons 
with n H - -37  ( M =  24) on a triangular lattice of 
(60)2 sites. Periodic boundary conditions were used 
and the procedure described above was followed. 
We found that, for the concentrations studied 
here, it was sufficient to use between 2-105 and 
5 .105  Monte Carlo steps. Although this is less 
than those used before [3] our results here are 
averages from between 4 and 18 independent 
simulations for each concentration and each value 
of K v. As before, we recorded the square of the 
distance moved, in units of the lattice constant b, 
by the n-th hexagon at the end of k Monte Carlo 
steps, r , (k )  2, as well as the number  of steps 
moved, s,(k). As before, the periodic boundary 
conditions were ignored in calculating r , ( k )  2. 
Averages of these two quantities denoted by r ( k )  2 
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and s(k) ,  were calculated, 

NH 
2 1 2 

r(k) = ~-~Hn~=lr.(k) 

NH 
1 k 

s( k ) = G E l  ) 
(1) 

where N H is the number of hexagons. In addition, 
a 'relative diffusion coefficient', D(k) ,  was calcu- 
lated 

D(k) =r(k)2/k (2) 

as well as the fractal dimensionality df of the 
paths taken by the hexagons in their movement,  

r(k)  2= A(k)s(k) 2~dr (3) 

The fractal dimensionality is a property of 
self-similar structures (here, the structure of the 
paths of the hexagons) [7,8]. These paths are stat- 
istically self-similar rather than geometrically so. 

Here r ( k )  2 and s - ~  are values obtained by aver- 
aging the results of Eqn. 1 over several indepen- 
dent Monte Carlo simulations, at, of course, a 
fixed value of N H. 

The physical reason behind the definition of 
D(k) is that each at tempt to move through a 
distance equal to one lattice constant, b, is as- 
sumed to take place in some characteristic time 
At. The total distance moved is then related to 
b2r(k) 2 which takes place in a time kAt. The 
ratio b2/At can be adjusted to give a value of the 
diffusion coefficient appropriate to a given protein 
concentration. Previously [3] the value of D typi- 
cal of proteins in the fluid phase of a lipid bilayer 
when their concentration is very small (large 
lipid : protein ratio) was used to choose a value for 
bZ/At. Our definition of D(k) thus differs in an 
inessential way from that given previously, D = 
2b2r(k)2/kAt. 

The computer program used was written in 
Fortran 77 and run on a Hewlett-Packard HP9000 
series 550 computer using the HP-UX operating 
system. Although the simulations would have run 
faster had they been written in C, the availability 
of this system, with two CPUs each with its own 
on-board accelerator being equivalent, for our 
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purposes, to two VAX 11/780's ,  enabled us to 
attain sufficiently rapid throughput. The times for 
each simulation typically ranged from about 4 
CPU hours to about 15 CPU hours per processor. 
We used our own random number  generator with 
a cycle of approx. 231 numbers instead of that 
provided with the system which had a cycle of 
length approx. 215 . 

In order to see what range of values of K v 
might be realistic let us study the strength of an 
attractive interaction arising via electrostatic 
forces. The potential energy, of two charges X~e 
and )t2e a distance r apart  in a medium possess- 
ing a dielectric constant K is 

X I h 2  e2 
V = - -  (4)  

4¢reo~Cr 

where e represents the electronic charge and the 
other constants have their usual meanings. If  the 
charges are about 6 ,~ apart  then (in units of 10-13 
ergs); 

v = 38.4 -x~x2 (5) 
K 

If ?~2= - ~ 1  = - 1  and if an effective x ranges 
from x--~80 to J ¢ = l  then V ranges from V-- 
- 3 8 . 4  to V--  -0 .48 .  If the temperature is T =  
303.2 K, about 7 K above the main lipid transition 
temperature of a bilayer of pure DMPC, then, for 
the range of V above, V/ksT ranges from = 
- 9 1 . 7 t o  - - - 1 . 1 .  

It  is unlikely that the expression of Eqn. 4 is 
anything else than a guide to the order of magni- 
tude of possible attractive interactions between 
proteins via electrostatic effects. The numbers ob- 
tained from it will be used only to estimate the 
range of interactions that we might consider. 

Finally, we want to reiterate some of our re- 
servations concerning this kind of system as a 
model for studying protein lateral diffusion in 
lipid bilayer membranes.  First, however, it is 
sometimes suggested that a Monte Carlo simula- 
tion simply generates a sequence of states of the 
system from which one can calculate static equi- 
librium properties, and that there is no reason to 
think that such a sequence represents a develop- 
ment of the system in time through a succession of 
time-ordered states. While the first statement is 

true, in the kind of simulation described here in 
which for a given configuration, the state of the 
system differs from the state of the previous con- 
figuration by a small amount, the second state- 
ment  is not necessarily valid. A more elaborate 
justification for the use of Monte Carlo methods 
to study diffusion can be found in Ref. 9. 

It might be suggested that the cross-sections of 
proteins are not hexagons and, indeed, some 
authors seem to feel that circles better represent 
the average shape of that part of a protein which 
penetrates the hydrophobic region of the bilayer. 
We are not aware of any results that suggest that 
this is so. Indeed it is interesting that one possible 
cross-section suggested for the human erythrocyte 
Band 3 dimer is a hexagon [10]. 

The weakness of representing the motion of a 
protein in the plane of the bilayer by an object 
moving on a lattice has been mentioned [3]. In 
that paper, it was considered that the effect of this 
would be to yield a value for D smaller than that 
which would be obtained from a more realistic 
model. It has been assumed that each Monte 
Carlo step represents one average time interval, 
At, and that At is independent of both protein 
concentration and protein-protein interaction. 

The objection might be raised that there is no 
provision in the model for a cluster of hexagons to 
move as one unit because each hexagon is selected 
in turn and an attempt is made to move it. While 
this objection might not be important in the case 
that the attractive protein-protein interaction is 
zero, in the case considered here, where because of 
a strongly attractive interaction hexagons may re- 
main aggregated for a large number  of Monte 
Carlo steps, it may be unrealistic to have no 
motion of an aggregate as a unit. To move one of 
these aggregation units as a whole, however, would 
require not only translating it, but rotating it as 
well. Since such an aggregate would, in general, 
not possess the symmetry of the lattice, then it 
would have to be distorted in order to carry out 
the latter movement.  Furthermore, an aggregate 
undergoing motion as a result of random forces 
would not move as far, in a unit time, as a single 
hexagon. In both of the motions described we 
would have to present rules for moving such ag- 
gregates. In view of the crudeness of the model 
and in view of the fact that we are interested in 
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changes  involving orders  of  magni tude ,  we cons id-  
e red  that  to ref ine the mode l  in this way  was 
inappropr i a t e .  The  value of  D f rom our  s imula-  
t ion will then be lower  than  that  ob ta ined  f rom an 
exper iment .  

Results  

The  f rac t ion of  the area  of the lat t ice covered 
by  the hexagons,  fA, and  the hexagon concent ra-  
t ion,  c, are def ined  as 

fA = n H N H / N ~  

c =  N H / (  N s - n n N  n + U n )  (6) 

where  N s is the to ta l  n u m b e r  of  sites on the lattice,  
and  n rt and  N n were def ined  earlier.  The  rela- 
t ions be tween fn and  c are 

fA = n H C / ( 1  + (nH  -- 1) C) 

c = f ^ / ( n . - - ( n H - - 1 ) f A )  (7) 

The  number  n H represents ,  approx imate ly ,  the 
cross-sect ional  area  of the p ro te in  in units  of  the 
cross-sec t ional  a rea  represen ted  by  a uni t  cell of  
the lattice. W e  s tud ied  var ious  concen t ra t ions  of  
hexagons  on  the (60) 2 la t t ice ranging  f rom N H = 
10 (c  = 0.0031) to Nrt = 54 (c = 0.0326). The  val- 

ues of  N n used range f rom fA = 0.103, to fA = 
0.555 respectively,  the last  n a m e d  being character -  
ist ic of  some biological  membranes .  These  con- 
cen t ra t ions  were s tudied  for di f ferent  values of  K v 

ranging  f rom K v = 0.0, to K v = - 4 . 0 .  The  dis tr i -  
bu t i on  of  hexagons  were ini t ia l ized for 10  4 M o n t e  

Car lo  steps and  averages were c o m p u t e d  over 
5 • 105 mon te  Car lo  s teps for N n = 10 and  2 . 1 0  s 

M o n t e  Car lo  steps for the o ther  cases. 
The  fracta l  d imens ional i t ies  of  the pa ths  fol- 

lowed by  the hexagons  (Eqn. 3) were ca lcu la ted  

f rom plots  of  l o g ( r ( k )  2) agains t  l o g ( s - - ~ )  and  
y ie lded  results  in accord  with a single value of  
d f  = 2. Values of A as a funct ion of  concen t ra t ion  
for  K v = 0 were in accordance  with the results  
r epor ted  prev ious ly  [3]. 

10 o 

D 
10 -2 

10-4 

4, 

\ .  
0 -4 0 0.5 0 0.03 

Kv fA C 
Fig. 2. (A) The dependence of D (Eqn. 7) upon K v for different hexagon concentrations: (a) fA = 0.103; (b) fA = 0.308; (C) 
fA =0.432; (d) fA= 0.514. (B) The dependence of D upon fA for different values of Kv: 0 (0); -1.0 (×); -1.5 (~); -2.0 (+); 
-3 .0  (m); -4.0 (O). (C) The dependence of D upon hexagon concentration, c, for different values of K v: 0 (0); -1.0 (×); -1.5 
(~); -1.7 ([2); -2.0 (+); -3.0 (I); -4.0 (O). In all cases the solid lines are intended only as a guide to the eye. 



14 

W e  defined D to be 

D = lim D(k) (8) 

where D(k) is defined in Eqn. 2. Values for D 
were obtained by plott ing D(k) as a function of  k 
and est imating the asymptote .  In v iew of the 
c o m m e n t s  regarding the l imitat ions of  the model ,  
the values of D obtained are probably lower than 
those which would be obtained from a more  re- 
alistic model .  Fig. 2 shows  the results for D as a 
function of  K v for different hexagon concentra-  
t ions (Fig. 2A) and as a function of fA (Fig. 2B) 
or as a function of  c (Fig. 2C) for different values 
of  K~. These  show that for a given hexagon con-  
centration there are essential ly two regions as a 
function of K v (Fig. 2A): As K v increases from 
K v = 0, D remains essential ly constant  until s o m e  
critical value at which it decreases rapidly as K v 
increases further. The critical value of  K v, Kv*(C), 
depends upon the hexagon concentrat ion c, and 
the shapes of  the curves in Fig. 2B and Fig. 2C are 
a consequence  of this. This  is seen in, for example ,  
Fig. 2C where, for K v = 0, D is lower by only  a 
factor of 4 at c = 0.0278 (fA = 0.514) compared  to 
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Fig. 3. Typical instantaneous hexagon configurations for N H = 
10 (fA = 0.103, C = 0.0031) as a function of K v (vertically) at 
given Monte Carlo steps (horizontally, in units of 105 steps). 

the value at c = 0. However,  as k v increases, the 
shapes of  the curves change until at K v = - 4.0, D 
decreases by two orders of  magnitude as fA in- 
creases from 0 to 0.015. Various critical values of  
K*(c) are: K * ( 0 . 0 0 3 1 ) ~ - 2 . 0 ,  K * ( 0 . 0 1 1 9 ) =  
- 1.5 and K*(0 .0278)  = - 1.0. 

The behaviour of  D can be understood by 
looking  at configurations of  the hexagons on the 
lattice. Fig. 3 shows  configurations for Nit = 10 
(c  = 0.0031) for values of  K v = 0, - 2 . 0 ,  - 3 . 0  and 
- 4 . 0  at Monte  Carlo step numbers  105 , 3 - 1 0 5  
and 5 . 1 0 5  . For the first two values of K v, no 
marked clustering is observed. For K v = - 3 . 0  we 
see the formation of  dynamic  clusters: aggregates 
that exist for 103-104  Monte  Carlo steps and 
break up only to reform elsewhere on the lattice. 
This is even more  marked for Kv = - 4 . 0  where 
aggregates are the rule. In this case the clusters 
exists  for 104-105  Monte  Carlo steps. A compari-  
son with Fig. 2 shows that it is near K*(0 .0031)  
- 2 . 0  that clusters begin to persist for a relatively 
large number of Monte  Carlo steps, and that D 
shows  a sudden decrease as c increases. Similar 
behaviour is seen in Fig. 4 for N n = 30 and Fig. 5 
for N n = 50 which show the configurations at 
4 .  ]_0 4, 1 2 . 1 0  4 and 2 • 105 Monte  Carlo steps. For 
N H = 30  ( c - - 0 . 0 1 1 9 )  small  clusters can be seen 
forming when K v = - 1 . 5 ,  while for K v = - 2 . 0  
we  can see the large clusters which exist for >_ 104 
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Fig. 4. Typical instantaneous hexagon configurations for N H = 
30 (fA = 0.308, C = 0.0119) as a function of K v (vertically) at 
given Monte Carlo steps (horizontally, in units of 105` steps). 
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Monte Carlo steps. Finally the random distribu- 
tions for N H = 50 (c = 0.0278) when K v = 0 are 
replaced by configurations displaying clustering 
when K v = - 1.5. Again, these are dynamic, exist- 
ing for 103-104 Monte Carlo steps. When Kv = 
- 2 . 0  however, the clusters exist for a great num- 
ber of Monte Carlo steps. 

Finally, Fig. 6 shows data reported by Peters 
and Cherry [11] for the lateral diffusion coeffi- 
cient, D L, of eosin-labelled bacteriorhodopsin in 
D M P C  measured using the FRAP technique and 
replotted by us. The data are taken from their Fig. 
3 at 30°C from which we have estimated, by 
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Fig. 6. The dependence of D upon c. Results of the simulation 
for K v = - 1 . 7  (O). Data  of Peters and Cherry [11], (with 
extrapolation to c = 0) normalized to D =1.0  at c = 0, for 
bacteriorhodopsin in D M P C  bilayers at T =  30° C  (O). 
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extrapolating their data, the c ~ 0 limit of their 
D L which we find to be approx. 4.8 t~mE/s. In 
order to compare their data with our calculations 
we have scaled their data so that the value of D E 

at c = 0 is defined to be 1.0. Included in Fig. 6 is a 
plot of our simulations for K v -- - 1 . 7  and it can 
be seen that the agreement is encouraging. We 
stress, however, that any detailed numerical agree- 
ment between the measured data and our calcula- 
tions should not be taken too seriously because of 
the comments made earlier. The comparison is 
only intended to show that the model appears not 
to contain gross errors. However, our calculations 
predict that for a concentration of bacteriorho- 
dopsin, c, greater than c = 0.01 (lipid to protein 
ratio less than = 90-100) in DMPC at T =  30°C, 
some dynamic clustering should be observed which 
will increase and persist for longer times as c 
increases. 

Conclusions 

There have been a number of suggestions (Refs. 
1, 2 and references cited therein) concerning 
mechanisms which might cause integral proteins 
in biological membranes to exhibit lateral diffu- 
sion coefficients two to three orders of magnitude 
lower than values expected from a consideration 
of the movement of a single such protein. In a 
previous paper [3] it was shown, by using the 
simple model described here, that it was unlikely 
that the blocking of a protein's diffusion pathways 
by the presence of other proteins could account 
for the decrease. It  was found that hexagons mov- 
ing on a lattice had their diffusion coefficient 
reduced by a factor of approx. 20 below the value 
of that at c = 0 ,  when 81.7% of the lattice is 
covered by hexagons. It was argued that this result 
was a ' worst case scenario'. 

Here we have addressed the question of whether 
an attractive interaction between the hexagons on 
the lattice can modify the diffusion coefficient of 
the hexagons sufficiently to suggest that the diffu- 
sion coefficient observed for integral proteins can 
be understood as a consequence of such a mecha- 
nism. We have not suggested a particular source 
for the interaction, but one which suggests itself is 
the possibility of an electrostatic interaction be- 
tween opposite charges on two integral proteins. 
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We performed a rough calculation to see what 
range of attractive interaction might be reasonable 
if this were the mechanism. However, we see no 
reason why other mechanisms should not give rise 
to attractive interactions of the magnitudes which 
we have used here. 

We performed Monte Carlo studies to obtain 
the lateral diffusion coefficient of hexagons, of 
concentration c, moving on a triangular lattice. 
We chose the size of a hexagon to correspond to a 
bacteriorhodopsin molecule, if each lattice site 
corresponds to a lipid hydrocarbon chain in one 
side of a bilayer membrane.  We have, however, 
reiterated our reservations about uncritically tak- 
ing over the results obtained here in order to use 
them to understand the details of real proteins 
moving in real membranes.  We have pointed out 
further defects of this model which arise when 
long-lived clusters form due to the attractive inter- 
action between heagons. We have argued, how- 
ever, both here and elsewhere [3] that these de- 
ficiencies of the model should represent a 'wors t  
case scenario': that if a simulation was performed 
on a realistic (three-dimensional) bilayer com- 
posed of realistic models of lipid molecules and 
integral proteins ,then the values of D should be 
greater than those observed here. 

We find the following results for the hexagons 
of the size considered here: 

(i) In the case of only a hard-core repulsion 
between hexagons and zero attractive interaction, 
K v, D is decreased by a factor of approx. 4 as the 
area of the lattice covered by hexagons ,fA, in- 
creases from 0 to 0.5. This behaviour is followed if 
Kv lies in the range of about - 1.0 < K v _< 0. For  
K v lying between approx. - 1 . 3  and -2 .0 ,  D is 
decreased by one or two orders of magnitude over 
that range of fA" For K~ < - 3.0, D is reduced by 
a least two orders of magnitude as fA increases 
from 0 to approx. 0.3. There are thus, essentially, 
three types of behaviour (Fig. 2) as K v changes. In 
the last case, the model is least reliable for reasons 
given above concerning the absence of movement  
of clusters of hexagons as a single unit. 

(ii) Clusters of hexagons are formed the proper- 
ties of which depend upon K~ and c (or fA)" 
These dusters  are dynamic in that they break up 
and others are formed as the simulation proceeds. 
The larger fA is and the more negative K~ is, the 

larger and 'longer-lived' are the clusters. Previ- 
ously, [3] a time of 10 -6 s was chosen as a 
reasonable average time during which an attempt 
is made to move each hexagon a distance of 
approx. 6 ~,. This was based upon the picture that 
the hexagons used here would correspond to 
trans-bilayer proteins of molecular mass /> 25 000 
daltons. On the basis of this, our calculations 
predict that, for example, when c lies between 
approx. 0.02 and 0.03 and K v lies between ap- 
prox. - 2 . 0  and -1 .5 ,  clusters can exist for ap- 
prox. 104 Monte Carlo steps which corresponds to 
approx. 10 ms. At these higher concentrations, a 
freeze-fracture micrograph of the plane of the 
bilayer might be interpreted as phase separation 
of lipids and proteins. Such dynamical clusters are 
not manifested for c ~< 0.005 and K v lying be- 
tween approx. - 2 . 0  and 0. (See Fig. 2) for these 
regions.) For a stronger interaction, K v ~< -3 .0 ,  
large long-lived (>I 0.1 s) clusters appear to be 
formed. 

(iii) The measurements of Peters and Cherry 
[11] on bacteriorhodopsin in DMPC at 30°C are 
well-reproduced by our simulation with K v = 
-1 .7 .  Notwithstanding our reservations concern- 
ing the reality of the model, our results suggest 
that they should observe dynamic clusters for 
l ip id:prote in  ratios less than about 90-100 with 
lifetimes of >~ 1 to 10 ms, and that the cluster size 
and lifetime should increase as the l ipid:protein 
ratio decreases further. 

We had seen previously [3] as well as here (Fig. 
2) that simply the blocking of a hexagon's diffu- 
sion pathways by the presence of other moving 
hexagons, with no other interactions present, can- 
not account for a decrease in D by two or three 
orders of magnitude, even at very high concentra- 
tions. However, we conclude from this study that 
the presence of attractive forces between integral 
proteins, of a strength well within the range attri- 
butable to electrostatic and, probably, other inter- 
actions, can account for the observed decrease in 
lateral diffusion coefficient as the concentration is 
increased. A model of proteins in lipid bilayer 
membranes which does not take such attractive 
interactions into account must therefore be re- 
garded as less than complete. 

Finally, these results might be tested. If it is 
possible to fabricate bilayer-spanning molecules, 



b o t h  essent ia l ly  s imi lar  except  that  one k ind  pos-  
sesses charges  so tha t  any  pa i r  of  the  la t te r  will 
exper ience  an a t t rac t ive  in terac t ion ,  while pai rs  of  
the other  do  not,  then a mechan i sm for aggre-  
ga t ion  might  be ident i f ied ,  and,  if  so, the results  of  
a measu remen t  of  D should  be p red ic t ab le  b y  this 
model ,  if it  has any  val idi ty.  
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